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Abstract 

In the situation when whole globe face severe pandemic in the form COVID – 19, scientists were 

working day and night to bring a solution to this issue by finding a Vaccination which would 

save several thousands of people globally. This paper though not focusing especially on          

COVID – 19, it discusses a method to provide vaccination strategy by suitable scientific method. 

One such idea is presented in this paper.  
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1. Introduction 

 

Most of the diseases spread through social networks by transferring from infected people to those 

with who they are in contact. We can represent the contacts in a social network in the form of a 

graph: In mathematics, A Graph is a structure in which there will be vertices also called nodes 

and edges also called lines such that the vertices are joined by the edges under specific pre-

assigned conditions. In the model that we are going to present, the vertices are people and an 

edge between two people (vertices) indicates that they are in contact with each other. This graph 

is usually called “Social Network”. In such a social network, vertices are in different states at 

different times unlike the fixed vertices in usual Graphs.  

 

2. Developing the Model 

 

In a simple case, let us assume that there are only two states, susceptible (0) and infected (1). 

Suppose that ( )iS t  gives the state of node i at time t and that times are discrete, i.e., that t = 0, 1, 

2, . . . . In the simple case of a highly infectious disease, let us assume that an individual changes 

state from susceptible to infected at time t + 1, if at least one of its neighbors are in the infected 

state at time t and that an individual never leaves the infected state. More generally, we can study 

the variant of this model where an individual changes state from susceptible to infected at time    
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t + 1 if at least k of its neighbors are in the infected state at time t. Such model is called 

Irreversible k-threshold process.  

 
In this simple situation, we can investigate vaccination strategies. Let us say you have a limited 

amount of vaccine available at each time period, say v doses. Whom should you vaccinate? More 

precisely, what vaccination strategy minimizes number of people ultimately infected if a disease 

breaks out with one infection? 

 
Here, we assume that a vaccinated node cannot move into the infected state. This problem in the 

context of the model described above is sometimes known as the “Firefighter Problem”. The 

latter problem arises when we have a forest and a fire (epidemic) starts at one tree. At each time 

period, some trees are burning (infected) and once they start burning, they don’t stop. At every 

time period, we can place v firefighters (think of vaccinating) at unburned nodes. Then the fire 

spreads to neighboring trees that are not yet burning (susceptible) and not protected by a 

firefighter (vaccinated node).  

 
3. Mathematical Description of the Model 
 
Let ( )GM u  be the maximum number of nodes that can be saved in graph G if a fire starts at node 

u and there is one firefighter per time period. A natural question to ask is, whether at least p 
nodes can be saved, i.e., whether there a vaccination strategy such that ( )GM u  ≥ p? In [3], 

MacGillivray, G., and Wang, P. while analyzing this situation proved that this problem is NP –
complete.  
 
The firefighter problem has been studied for a variety of particular types of graphs. To give one 

example, consider the case of an infinite d-dimensional square grid Ld. Here, nodes are located at 

points (i, j, . . .) in d-space with integer coordinates i, j, . . . and two nodes are neighbors if they 

differ by 1 on one component.  

  

Assume that the fire starts at one node. If d = 1, then we have nodes on a line and it is trivial to 

control a fire in two steps with three burned nodes if the number of firefighters v per time step is 

1. If d = 2, it is impossible to control the fire (epidemic) with v = 1. But v = 2 suffices and with 

this case of two firefighters per time step, the fire (epidemic) can be controlled in eight steps with 

18 burned trees (infected individuals).  

 

To illustrate the latter, consider Figure 1. Each node has an (x, y) coordinate starting with x = 0 

on the left-most vertical line and with y = 0 on the bottom horizontal line. Suppose a fire starts at 

node (2,2). Here, nodes on fire are shown with black circles, nodes with firefighters with white 

circles. 

 
• Step 1.  Place two firefighters, at nodes (1,2) and (2,1). 
• Step 2.  The fire spreads to nodes (2,3) and (3,2). We now place firefighters at (1,3) and (2,4). 
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• Step 3.  The fire spreads to (3,1), (3,3), and (4,2) and we place firefighters at (3,0) and (4,1). 
• Step 4. The fire now spreads to (3,4), (4,3), and (5,2) and we place firefighters at (5,1) and 
(6,2). 
• Step 5. The fire spreads to (3,5), (4,4), and (5,3) and firefighters are put at (2,5) and (3,6). 
• Step 6. The fire spreads to (4,5), (5,4), (6,3) and we place firefighters at (6,4) and (7,3). 
• Step 7. The fire spreads to (4,6) and (5,5) and firefighters are placed at (4,7) and (5,6). 
• Step 8. The fire spreads to (6,5) and firefighters are placed at (6,6) and (7,5), thus controlling 
the fire. 
 

                                                                                                     
Figure1. Spread of a fire on the grid when we have two firefighters available each time 

period. Burnt nodes are in black circles, firefighters are placed on nodes with white circles. 
 

We now consider the case d ≥ 3. A graph is called r-regular if every node has exactly r 

neighbors. Wang and Moeller [4], observed that in such a graph, r − 1 firefighters per time step 

are always sufficient to contain any fire outbreak (at a single node). In Ld, every node has degree 

2d. Thus, when d ≥ 3, 2d – 1 firefighters per time step are sufficient to contain any outbreak 

starting at a single node. Hartke [5] showed that 2d − 2 firefighters per time step are not enough 

to contain an outbreak of this kind in Ld. Thus, 2d −1 firefighters per time step is the minimum 

number required to contain an outbreak in Ld and containment can be attained in two time steps. 

 

If a fire can start at more than one node, then the following are some interesting results about 

outbreaks in Ld. If d = 2, Fogarty [6] showed that two firefighters per time step are sufficient to 

contain any outbreak at a finite number of nodes. If d ≥ 3, Hartke [5] showed that for any 

positive integer f, f firefighters per time step is not sufficient to contain all finite outbreaks in Ld. 

In other words, for d ≥ 3 and any positive integer f, there is an outbreak such that f firefighters 

per time step cannot contain the outbreak.  

 

Ng and Raff [9] have studied Ld and modified the assumption that f  is the same for each time 

period. Let f(t) be the number firefighters available at time t. Ng and Raff assume that f(t) is 

periodic with period pf . This could happen for example if firefighters (doses of vaccine) arrive in 

batches. Then if Nf = f(1) + f(2) +… + f(pf ), where Rf = Nf /pf  is the average number firefighters 
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available per time period. Ng and Raff showed that if d = 2 and f is periodic with period pf ≥ 1 

and Rf > 1.5, then an outbreak at any number of nodes can be contained at a finite number of 

nodes. 

 

4. Analyzing the problem for Tree Structures 

  

The firefighter problem has also been studied on graphs that are trees. Consider a rooted tree 

with a fire starting at the root and suppose that v = 1. In a rooted tree, every edge goes down 

from a node to its immediate “children” one level below it. We define the weight of node x to be 

the number of descendants of x in the rooted tree, where a descendant of x is a node obtained 

from x by following a path that goes from x to a child y of x to a child z of y . . . . In such a tree, 

once a firefighter is placed at a node, it and all of its descendants are “saved” and cannot be 

burned.  

 

A greedy algorithm for deploying firefighters in a rooted tree is the following: At each time step, 

place a firefighter at a node x that has not been saved or burned, such that the weight of x is 

maximized (choosing arbitrarily in case of ties). (This algorithm is greedy since at each step it 

looks to place a firefighter so as to maximize the number of nodes that can be saved at that stage 

of the procedure.)  

 

Consider for example the tree of Figure 2. Suppose a fire starts at node v0. Clearly the weight is 

maximized by using immediate descendants, i.e., children, of v0, and of these, v2 has higher 

weight (7) than v1 (6). Thus, we put a firefighter at node v2. In the next time period, the fire 

spreads to v1. Note that in the next stage, we can limit ourselves to descendants of v1 since all 

descendants of v2 are saved. We now look at the children of v1 and put a firefighter on one of 

them. Two of them maximize weight, i.e., v3 and v4, so we put a firefighter on one of them, say 

v3.  

 

 
Figure2. The greedy algorithm does not obtain the optimal firefighting solution for this tree 
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The fire now spreads to the remaining children of v1, i.e., v4, v5, v6. Finally, we place a firefighter 

on one of the children of v4, v5, v6, namely v13. In the end, we have saved 11 nodes. It is not hard 

to show that the greedy algorithm does not obtain the maximum number of saved nodes,          

i.e., ( )GM u , where u is the root. Indeed, suppose at the first step we put a firefighter at v1 instead 

of v2. The fire now spreads to v2 and we put the next firefighter at v7, with the fire spreading to 

v8. Finally, we put a firefighter at v11. In this way, we save 13 nodes. This is clearly better than 

11 saved nodes obtained by the greedy algorithm.   

 

Hartnell and Li [20] showed that for any tree G with one fire starting at the root u and one 

firefighter to be deployed per time step, the greedy algorithm always saves more than one half of 

( )GM u  nodes, i.e., more than one half of the number of nodes that the best possible algorithm 

saves. Is this a satisfactory accomplishment? It could be if time is of the essence, we have a fast-

moving epidemic or bioterrorist attack, and we need to develop and implement an efficient 

algorithm very quickly.  

 

5. Conclusion 

 

Using simple mathematics from Graph Theory, this paper addresses some of the important 

techniques for controlling the social spread of any disease. This idea is so relevant in the time of 

making this paper as the whole globe is facing severe global viral disease in the name COVID – 

19. Though the ideas presented are only beginning steps, the same can be modified and extended 

to have meaningful solutions which can be put in to practical use.  

 

6. Further Scope 
 
Regarding the model we discussed there will be lot of questions that can be posed. We present 
the following few of them for more clarity.  
 
Some of the questions that have been asked in connection with the firefighter problem include: 

• Can the fire be contained? 

• How many steps are required before the fire is contained? 

• How many firefighters per time step are necessary? 

• What fraction of all nodes will be saved (burnt)? 

• Does where the fire breaks out matter? 

• What if the fire starts at more than one node? 

• How does containment work for different graph topologies? 

• How can we construct graph topologies to minimize damage? 

• What is the complexity of different formalizations of this problem in the computer science 

sense? 
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Analysis for answering these questions would be the scope for further exploration with respect to 

the ideas presented in the paper. Probably, a more efficient algorithm is required to address all 

possible situations. We need to explore more graph structures to accomplish this. I will try to do 

in future papers. Interested readers can also try to investigate and come up with meaningful 

answers which would form an extension of the facts presented in this paper.  
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