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Abstract: In this paper, a method namely Fourier-Motzkin elimination (F-ME) is being 

proposed to solve the Linearly Factorized Quadratic Optimization Problem (LFQOP).  This 

technique has been applied very first time on LFQOP. In the every walk of real world 

applications, the importance of LFQOP can be seen. LFQOP comprises non-linear 

programming problem, which we have to either maximize or minimize along with a set of 

linear inequality constraints.  F-ME takes lesser time and easy to understand. This is 

demonstrated by taking an example at the end. 
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1. Introduction 

Quadratic Programming Problem (QPP) is an important subclass of Non-linear Programming 

Problem (NLPP). It deals with the problems of optimizing an objective function of quadratic 

form or a linearly factorized quadratic objective function. The constraints involved in the QPP 

or LFQOP are linear. It can be equations and inequalities both. The wide applications of QPP 

can be seen in various sectors e.g. Statistics, Engineering, Commerce, Management etc. 

Simplex method to solve QPP has been developed by Wolfe
1
. A technique to solve quadratic 

fractional programming problem had been proposed by Hasanet al
2
. An algorithm had been 

presented by Khuranaet al
3
 to solve QPP having linear homogeneous constraints. A new 

modified simplex approach had been introduced by Nejmaddinet al
4&5

. An iterative method 

had been presented by Sharma et al
6
 for QPP based on simplex technique. An alternative 

method had been proposed for QFPP with homogeneous constraints by Hasanet al
7
.Further, a 

QPP having linearly objective function had been solved by Jayalakshmiet al
8
. Gauss and 

modified Fourier elimination technique for QPP had been studied by Jain et al
9-10

. In this 

research paper, we are proposing Fourier-Motzkin elimination technique for Quadratic 

Programming Problem. The paper is organized as follows: Mathematical formulation of 

MOLPP under consideration is discussed in the section 2. F-ME elimination technique for 

LFQOP is discussed in the section 3. Numerical example is given in the section 4. This 

concludes the paper. 
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2. The problem 

Linear Factorized Quadratic Optimization Problem (LFQOP):   

Consider a quadratic optimization problem as follows:  

Maximize 

Z = 
�

�
���� + ��� + �  

= ( ��
�� + α) (��

�� + β) = 
�
� 

s. t.   A x ≤ b 

and   x ≥ 0            

Where A is m x n matrix and��, c,��, ��∈�,��∈��, d, α, β ∈ R; Q be a symmetric n x n 

matrix. 

In the proposed method, first we convert objective function of the Linear programming 

Problems into an inequality, hence total number of inequalities is the sum of the objective 

function inequality, constraints inequalities and non-negative constraint inequality. This 

system of inequalities is solved by Fourier- Motzkin elimination technique. We have to 

formulate the above LFQOP by considering 
� and 
� as constraint inequalities of the same 

nature as of inequalities involved in the problem, before applying Fourier-Motzkin 

elimination technique. The modified form of above problem can be described as:  

Max. 
�      Max. 
� 

−��
�� + 
�  ≤  �     −��

�� + 
�  ≤  � 

A x ≤ bA x ≤ b 

-x ≤ 0     -x ≤ 0 

Further, we have to eliminate the variables by combining the inequalities. This is to be 

processed so that we get the less number of variables after elimination. An LPP will contain 

an infeasible solution if there exists an absurd inequality of the type  0 ≤ d where d is a 

negative number. 
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3. Fourier- motzkin elimination techniquefor linearly factorized 

quadratic optimization problem 

 

An algorithm of Fourier-Motzkin elimination technique is described as follows:  

Step 1:Construct two separate linear programming problems with the same set of 

constraints given in the problem under consideration. 

Step 2: Since the objective function is to be maximized, therefore we have to convert all 

the inequalities into ≤ type. 

Step 3: To eliminate �� , add each of the inequalities having positive coefficient of ��with 

each of the inequalities having negative coefficient of ��. Addition of every pair of such 

inequalities generates a new inequality without  �� . Now we get the new system of linear 

inequalities without�� .  

Step 4: Repeat the same process for eliminating the variables ��until 
� remains to be 

eliminated. Redundant inequalities can be omitted.  

Step 5: Now, we apply the process of back substitution to find the values of eliminated 

variables.  

Step 6: Proceeding in the similar fashion, one can solve as many linear programming 

problems as involved in the linearly factorized quadratic optimization problem by the 

algorithm described above. Let us suppose Z1 and Z2 are the values of objective functions for 

the linearly factorized quadratic optimization problem discussed earlier in the section 2. 

Step 7: Now, to find the optimal solution of any linearly factorized quadratic optimization 

problem, compute Z1Z2 .This is an optimal solution of Linearly Factorized Optimization 

Programming Problem. 

4. Numerical example 

 

Solve the given linearly factorized quadratic programming problem 

Maximize   
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Z =� 5 � + 3 � �� 5 � + 2 � + 1� = Z1 Z2(Let) 

Subject to      

3 � + 5 � ≤ 15 

5 � + 2 � ≤ 10 

and    

� , � ≥ 0 

We can get two linear programs from the above linearly factorized quadratic programming 

problem as follows:  

(I) Maximize   

Z1 = 5 � + 3 � 

Subject to     

3 � + 5 � ≤ 15 

5 � + 2 � ≤ 10 

and    

� , � ≥ 0 

Similarly,  

 

(II) Maximize   

Z2 = 5 � + 2 � + 1 

Subject    

3 � + 5 � ≤ 15 

5 � + 2 � ≤ 10 
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and   

� , � ≥ 0 

Solution of first linear programming problem by Fourier-Motzkin elimination 

technique : 

We have to form a system comprising objective function inequality, constraint inequalities 

and non-negative restrictions as: 

−5� − 3� + 
� ≤ 0 

3� + 5� ≤ 15 

5� + 2� ≤ 10 

−� ≤ 0 

−� ≤ 0 

Now we make coefficient of x as 1 or -1, then the above inequalities can be written as: 

 −� −
 

!
� +

�

!

�  ≤  0      (4.1) 

 � +
!

 
� ≤ 5       (4.2) 

 � +
�

!
� ≤ 2       (4.3) 

 −� ≤ 0       (4.4) 

−� ≤ 0       (4.5) 

Now reduced inequalities become after eliminating �, 

16

15
 � +   

1

5

�  ≤ 5 

 −
1

5
� +

1

5

� ≤ 2 

5

3
� ≤ 5 
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2

5
y ≤ 2 

−� ≤ 0 

 

Now we make coefficient of yas 1or -1, then the above inequalities can be written as: 

� +
 

�$

�  ≤  

%!

�$
    (4.6) 

−� + 
�  ≤  10    (4.7) 

� ≤  3      (4.8) 

 � ≤  5      (4.9) 

−� ≤ 0     (4.10) 

Now reduced inequalities become after eliminating � 

19

16

� ≤

235

16
 

 

�$

� ≤ 

%!

�$
 


� ≤ 13 


� ≤ 15 

0 ≤ 3  

0 ≤ 5 

After making coefficient of Z is 1, above inequalities can be written as: 


� ≤ 
� !

�'
 


�≤ 25 


�≤ 13 


�≤ 15 
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� =
� !

�'
is the only solution which satisfies the system altogether. On putting the value 

of 
� into the inequalities (4.6) and (4.7), we get 

y ≤
45

19
 

y ≥
45

19
 

Hence, y = 
)!

�'
  is the only solution which satisfies the system altogether (4.6) – (4.10). 

On putting the values of Z and y into (4.1) – (4.3), we get 

x ≥ 
�*

�'
 

x ≤ 
�*

�'
 

Hence, x = 
�*

�'
  is the only solution which satisfies the system altogether (4.1) – (4.4). 

Optimal solution of given LPP becomes out to be  

x =
�*

�'
 , 

y = 
)!

�'
 

and  

Max
�= 
 � !

�'
. 

Solution of second linear programming problem by Fourier-Motzkin elimination 

technique: 

Again, we have to form a system comprising objective function inequality, constraint 

inequalities and non-negative restrictions as: 

−5x − 2y + Z� ≤ 1 

3x + 5y ≤ 15 

5x + 2y ≤ 10 
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−x ≤ 0 

−y ≤ 0 

Now reduced inequalities become after eliminating �, 

 � +   
3

19

�  ≤  

78

19
 


� ≤ 11 

� ≤ 3 

� ≤ 5 

−� ≤ 0 

Now reduced inequalities become after eliminating � 


�  ≤ 26 


�  ≤  11 

0 ≤ 3 

0 ≤ 5 


� = 11 is the only solution which satisfies the system altogether. Proceeding in the 

similar fashion by the method of back-substitution, one can find the optimal solution as: 

x =
�*

�'
 ,  

y = 
)!

�'
 

and  

Max. Z�= 11. 

Hence the optimal solution of given linearly factorized quadratic programming problem is: 

Maximize Z = ��� + 1�� �� +  �� + 3 � = Z1Z2 = (
� !

�'
) (11) = 

�!/!

�'
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5. Conclusion 

Fourier-Motzkin elimination algorithm is much better algorithm than the earlier methods 

available in the literature so far to find the solution of LFQOP as there is no requirement of 

artificial variables and takes less time to achieve the solution. 
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